Abstract. Using the hyperbolic divided differences introduced by Baribeau, Rivard and Wegert, we generalize the notion of hyperbolic derivative and we give the analogue of a Schwarz-Pick Theorem for these derivatives.
Introduction
In [1] , we introduced the concept of hyperbolic divided differences and showed that they provide a natural analogue of classical Newton interpolation in the context of interpolation in the unit disk. In this paper, we show how hyperbolic divided differences can be used, in a natural way, to define a notion of higher-order hyperbolic derivatives.
We will begin by recalling some essential elements from this theory. Throughout the text, we will denote by D the unit disk and by T the unit circle. We also use the notation D := D ∪ T, D := D ∪ {∞}. Let z 1 , z 2 be points of D. The hyperbolic distance ρ between the points z 1 and z 2 is given by
The quantity p(z 1 , z 2 ) is called the pseudo-hyperbolic distance of the points z 1 , z 2 .
In the case where at least one of the two points belongs to T, we set
Remark 1.2. At first glance, Definition 1.1 seems strange in the case where z 1 = z 2 ∈ T, but it finds its meaning in [1] . For the sake of consistency, we have decided to retain this definition.
One checks easily the following identities, which will be used later:
In the following we will denote by H the class of analytic functions of the unit disk D into itself,
and we shall consider also S, the Schur class,
A Blaschke product of degree n ≥ 1 is a function of the form
The unimodular constants are considered to be Blaschke products of degree 0. For n ≥ 0, we will denote the class of Blaschke products of degree n by B n . We are now prepared to give the definition of the hyperbolic divided differences.
We define recursively for j = 1, . . . , k the hyperbolic divided difference of order j of the function f with parameters z 1 , . . . , z j , denoted Δ j f (z; z 1 , . . . , z j ), as follows:
The quotient in the right-hand side of (1.4) has to be interpreted as a limit if z = z j .
We also introduce the operators Δ j z 1 ,...,z j , which act on f in S as follows:
This allows us to rewrite the above recursive definition of
It was shown in [1] that Δ j z 1 ,...,z j f is well-defined and belongs to S for all f ∈ S. The fact that we adopt the convention (1.5) is a judicious choice in order to solve interpolation problems [1] .
The hyperbolic divided differences have the property that they act in a particular way on the class of Blaschke products. This is the next assertion.
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Then f ∈ S is a Blaschke product of degree n > k if and only if Δ k f is a Blaschke product of degree n − k and f is a Blaschke product of degree n ≤ k if and only if Δ k f is a Blaschke product of degree zero.
The Schwarz-Pick Theorem together with Theorem 1.4 leads to the following "multi-point Schwarz-Pick Theorem".
If equality holds in (1.6) for a pair of distinct points u and v, then f is a Blaschke product of degree k + 1 and equality holds for all u, v ∈ D.
Hyperbolic divided differences with one parameter
In defining hyperbolic divided differences, we have assumed that the parameters are pairwise distinct points in the unit disk. For our purpose, we shall deal, in this section, with a hyperbolic divided difference with a single parameter.
Remark 2.2. Formally, we have
For brevity, we simply write
rather than (2.3).
It remains to show that definitions (2.1) and (2.2) make sense. To do this, we will prove by induction that Δ n z f ∈ S for f ∈ S and z ∈ D. The case n = 1 just follows from Lemma 2.2 [1] . Now assume that Δ n z f ∈ S if f ∈ S. Using the operator notation and continuity, we get for n + 1,
. We deduce by the case n = 1 and the induction hypothesis that Δ n+1 z f ∈ S. This implies that the definitions make sense, as required. We have proved the next assertion. 
Then f ∈ S is a Blaschke product of degree n > k if and only if Δ k f is a Blaschke product of degree n − k and f is a Blaschke product of degree n ≤ k if and only if Δ k f is a Blaschke product of degree zero.
Recall that by Proposition 2.3 this definition makes sense. Suppose that f ∈ H. To compute H n f (z), we need to introduce the following. For z ∈ D, we define D n f (z) by the Taylor series expansion of the function
where
For example,
These derivatives D n f were first introduced by Peschl [7] and are usually referred to as differential invariants because
whenever ψ and φ are automorphisms of the unit disk [5] . The next theorem is easily proved using the definition and some calculations.
Theorem 3.2. For a given z ∈ D, we have the following identities:
The hyperbolic derivatives H n f (z) are invariant in the same sense as the differential invariants D n f (z). But before establishing a relation equivalent to (3.2), we need the next lemma.
Lemma 3.3. Let ψ, φ be automorphisms of the unit disk and let
Proof. If f ∈ B 0 , the result is clear. Suppose now that f ∈ H. We have
for some θ ∈ R, by Theorem 1.4. Using identity (1.3), it then follows by induction that for each j ≥ 1,
Similarly, Theorem 1.4 gives
for someθ ∈ R, and again by induction we get for j ≥ 1 that
Finally, by combining (3.4) and (3.5), we obtain (3.3), as required.
The invariance of the higher-order hyperbolic derivatives follows directly from Lemma 3.3. This is the next theorem. 
In the same way that the value of a polynomial and that of its first n derivatives at a point determine entirely a polynomial of degree n, a Blaschke product of degree n is entirely determined by its value and that of its first n hyperbolic derivatives at any given point. This is the content of the next result, where we give a procedure for constructing the Blaschke product. We essentially combine the concept presented here with an algorithm given by Baribeau 
First, it is immediate from this definition that b k+1 (z 0 ) = w n−k−1 , for k = 0, . . . , n − 1. Together with (1.2) and the definition, this gives Δ
In particular, by Theorem 2.4, b n is a Blaschke product which satisfies (3.6). Finally, in view of (1.2), this construction is unique.
A Schwarz-Pick Theorem for hyperbolic derivatives
With the notion of higher-order hyperbolic derivatives available, we are able to give a version of the Schwarz-Pick Theorem for them. We note an analogue of a Schwarz-Pick Theorem for hyperbolic derivatives due to Beardon [3] . We can also find it in [4] and [2] . Further, equality holds in (4.1) for f (z) = z 2 .
The next assertion is the main result of this paper. On the one hand, it extends Theorem 4.1 to hyperbolic derivatives of order greater than one and on the other hand, it gives sufficient and necessary conditions concerning the case of equality. The proof is relatively simple and is modelled on the proofs of Corollary 3.6 and Theorem 5.4 given respectively in [4] and [2] .
